I. INTRODUCTION
During the last decades, many efforts have been done to use periodic structures for the control of wave propagation. Such periodic structures, having a period of the order of the wavelength, are the so-called photonic crystals 1 for electromagnetic waves and the phononic crystals 2 for the elastic/acoustic waves. A phononic crystal consists of a periodic distribution of scatterers, whose bulk properties (i.e., elasticity and density) differ from those of the host medium. Based on their dispersion properties, many interesting effects can be observed such as the formation of band-gaps, 3, 4 negative refraction, 5 birefraction, 6 self-collimation, 7,8 extraordinary transmission, 9 giving rise to novel devices and effects such as spatial 10, 11 and frequency 12 filters, far field 13 and near field 14 focusing, or sound diodes. 15 Of special interest is the possibility to enhance both spatially and temporally the wave at particular locations inside the crystal, with potential applications as, for example, energy harvesting or enhanced absorption.
Different mechanisms can be used to enhance the waves inside a crystal. At low frequencies (with λ ≫ a, being λ the wavelength of the incident frequency and a the distance between the scatterers, or lattice constant), Fabry-Pérot resonances can enhance the wave inside the structure due a Electronic mail: alcebrui@epsg.upv.es to the finite thickness of the crystal, L, at frequencies related with this thickness, f = nc/2L being n an integer number. At higher frequencies, in the highly dispersive regime of the periodic structure in which λ ≃ a, enhanced localized modes can be excited by the presence of point defects. The periodicity can be locally broken by creating the point defects producing a localized enhanced mode around the defect at a frequency inside the band gap. 16, 17 In both cases, the low frequency and the dispersion regime, the wave can be enhanced for a set of narrow bands (modes), but no broadband enhancement is possible. On the other hand, random systems, in the regime where the wavelength of the incident wave is comparable with the size of the scatterers, present a transition from its diffusion regime to a localized regime, where enhanced localized modes appear in the structure for a broader frequency regime. 18, 19 In this case the strong deviation from Rayleigh statistics is interpreted as a signature of Anderson localization.
Recently, some of us presented an acoustic wave propagation effect, consisting of the wave enhancement due to the progressive decrease of the group velocity along the propagation direction. 20 Such a progressive slowing-down of the waves was predicted and demonstrated in a twodimensional chirped (also known as graded or adiabatic tapered) sonic crystal, a structure made of rigid scatterers embedded in air in which the lattice constant along the wave propagation direction gradually changes with a profile, a = a(x), depending on the position, x. Sound enhancement and slowing down are two related phenomena that occur as the wave approaches to the bandgap; at this position, the waves reaches a zero group velocity and starts propagating backwards, in a proccess that we call a soft reflection. For particular chirp profiles, the wave can be substantially enhanced around the turning plane, whose position inside the crystal depends on the wave frequency. Chirped structures have been also used in optics 21, 22 and acoustics [23] [24] [25] for different purposes such as rainbow trapping, [26] [27] [28] mirage formation, 29 the opening of wide full band gaps, 23 or also to control the spatial dispersion and focalizing beams in reflection. 22 From a practical point of view, it is desirable to obtain the highest enhancement or wave concentration (highest intensity in a shorter distance). The previous study considered a chirped structure with a adiabatic and linear change of the period, 20 where a moderate enhancement was demonstrated. In this work we explore the properties of a sonic crystal with exponential one. This profile of chirp is of interest because it possess simple analytical solutions, a unique feature that shares with a linear chirp. This allows easier estimations of wave propagation properties depending on system parameters. Most importantly, the exponential chirp is shown to produce a stronger wave enhancement in comparison to the linear profile in Ref. 20 . Therefore in this work we report new analytical, numerical and experimental results about a sonic crystal with exponential chirp, and compare the predictions from different methods, showing good agreement between them. Special attention is paid to the interpretation in time domain of the soft reflections produced in the crystal, which are related to the spatial enhancement of the wave in the spatial domain. Simulations are performed in harmonic and time-domain by Finite Element Method (FEM), showing very good agreement with both analytical and experimental results measured in an echo-free chamber.
II. DISPERSION IN CHIRPED STRUCTURES AND SOFT REFLECTIONS
Dispersion curves ω(k) in periodic structures predict very small group velocity (v g = ∂ω/∂k) of the propagating waves close to the band edges, and correspondingly a large dispersion of the incident wave packet. In chirped structures in which the lattice constant gradually varies according to a predetermined profile, the dispersion relation also evolves gradually inside the crystal following the variation of the profile along the structure. The main assumption in these structures is that the variation of the profile is so slow that each point in the chirped crystal can be characterized by a local dispersion relation, which is the dispersion of an infinitely extended periodic crystal with values of the parameters (lattice constant and filling fraction) at the evaluation point. As an example we show in Fig. 1 (a) the evolution of the band gap in a chirped crystal with an exponential profile (inset of Fig. 1(a) shows the spatial distribution of the rigid scatterers inside the chirped crystal. See Section IV for more details about the definition of the profile a = a(x)). In each point inside the chirped crystal we have considered a rectangular array with the local lattice constant and the local filling fraction. Then, using the plane wave expansion, 17 we have calculated the band structure in each point. The number of the plane waves considered for the calculation is enough to ensure the convergence of the plane wave expansion, in our case 1089 plane waves. In the left part, we represent the dispersion relation at the entrance of the crystal, showing the band gap in the range [ω 1 =1197, ω 2 =1468] Hz. In the central part of Fig. 1(a) , we represent the evolution of the width of the first band gap in the ΓX direction along the chirped crystal. As the filling fraction gradually increases along the chirped crystal, the width of the band gap also gradually increases, as shown by the red area in Fig. 1 (a) up to the exit of the crystal, where the width of the band gap [ω 3 =2073, ω 4 =4988] Hz corresponds to the periodicity and filling fraction at the exit of the crystal, as shown in the right part of Fig. 1 (a) .
In order to have propagation of waves inside the crystal, the frequency of the incident wave must belong to some of the propagating bands of the dispersion relation at the entrance of the crystal. In a general way, we consider now an incident gaussian packet centred at ω 5 which, as shown in Fig. 1(a) , is in the propagating region at the entrance of the crystal. However, as ω 5 < ω 4 , the wave will arrive to a band gap inside the crystal corresponding to a lattice constant and filling fraction that covers ω 5 . The wave entering into the crystal is gradually slowing down because, in the course of propagation, it approaches to the edges of local local band gap inside the crystal. At a particular depth corresponding to the band-edge, where the group velocity is zero (in absence of losses), the forward propagating wave stops, turns around, and starts propagating backwards, suffering, what we call here, a "soft" reflection. This reflection effect is observed in the temporal domain in Figs. 1(b)-(d). We show the wave packet at three different instants inside the crystal: (b) before (c) at the instant and (d) after the wave packet reaches the reflecting plane. Figure 1 (c) shows how the wave enhancement in the soft reflection area.
III. COUPLED MODE THEORY: ANALYTICAL RESULTS
We propose an analytical description of the problem of the enhancement in an exponential chirp profile, based in the so called coupled mode theory. The approach is valid under some approximations. We first notice that at frequencies close to the first band gap, an incident plane wave basically propagates along the direction of incidence (the energy flow along other transversal directions is negligible), and a one-dimensional plane wave description is justified, as shown in Ref. 20 . Under such conditions, the medium is roughly equivalent to a multilayered structure, with each plane of scatterers behaving as a layer of a different material. In coupled mode theory, the bandgaps appear as a result of the resonant coupling between the forward and the backward waves.
Coupled mode theory is applicable for media with periodic modulation of the parameters, but also for a smooth chirp profile (when the period changes adiabatically) and for frequencies close to the band-gap. It is based on the following assumptions: (i) the full pressure field consists of forward and backward propagating waves, P = A(x)e ık x−ıωt + B(x)e −ık x−ıωt , with amplitudes slowly evolving in space, and (ii) the crystal is accounted as a periodic variation of the sound velocity c with the period of the crystal, c = c 0 + ∆c cos(Qx) where Q = 2π/a. Substituting in the linear wave equation and scaling the space as X = x/a, the following coupled amplitude equations system is readily obtained
where ∆Q = a(k − k B ) is the detuning from normalized Bragg resonance, with k B = π/a(X). After some manipulation, a single second order equation for the slow amplitudes can be obtained, as
where m(X) = d(∆qX)/dX is a slowly varying function of distance, related to the normalized chirp profile a(X) by a simple transformation, which vanishes at Bragg resonance ∆q = 0. For several particular cases the above equation has analytical solutions. One case, considered in Ref. 20 , corresponds to a linear chirp profile m(X) = α(X − X 0 ). In this case the field distribution in space is described by a Hermite function with complex index, and presents sound enhancement at planes close to Bragg resonance. We consider here the case of an exponential chirp, in the form m(X) = e b X − 1. In this case an analytical solution also exists, given by
where L s n is a generalized Laguerre polynomial, 30 with the indexes defined as n = (−1) 5/6 /b and s = √ 3/b. In Fig. 2 the profile of the squared amplitude of the wave (normalized intensity) is shown along the chirped structure. We consider here wave incoming form the left side. Continuous blue line represents the results from Eq. (4) Fig. 4(d) .
the envelope of the experimental data for the case of 2700 Hz. Recall that we represent here the wave envelope, so additional field oscillations with the period of the structure are also present (not shown). The effect of the exponential variation of the lattice constant is evident. A significant enhancement of the wave amplitude appears at the end of the path of the wave (bright plane), just before the turning plane (local band gap). We notice that due to the range of validity of the model, is in the range of frequencies near the band gap in which the theory agrees well with the experiments, as expected. The region in which these oscillations become important is much smaller than in the case of linear chirp (see Fig. 5 (b) in Ref. 20) and the amplitude is more localized. This is one of the main advantages of the chirp profile with respect to the linear one.
IV. EXPERIMENTAL SETUP
Experimental measurements were carried out with a two-dimensional sonic crystal with rectangular local symmetry, as illustrated in Fig. 3(a) . The crystal is made of acoustically rigid aluminum cylinders, with radius r = 2 cm, and height h = 1 m, embedded in air. The spatial period is constant in transverse-to-propagation direction y, a y = 10 cm, whereas an exponential chirp profile is introduced for the period along the propagation direction x: a n = a 0 e −α x n−1 , where a 0 is the lattice constant at the entrance of the chirped structure, α is the exponential chirp parameter and x j the local position in direction x of the j-th layer. A chirped crystal formed by 14 rows and 6 columns is considered in this work, with a 0 = 12.5 cm, a 13 = 4.88 cm, and α = 0.01 m −1 .
We performed experiments in an echo-free chamber sized 8 × 6 × 3 m 3 with an automatized acquisition system, 3DReAMS (3D Robotized e-Acoustic Measurement System). 16, 17 This system enables the measurement of pressure fields along complex trajectories as well as inside the crystals. Fig. 3(a) shows the grid of hooks used for hanging cylinders to design the chirped structure which is covered in the setup with an absorbent material to avoid additional reflections in our measurements. Fig. 3(b) shows the negative chirped crystal (decreasing lattice constant) made of Al cylinders inside the echo-free chamber (for propagation directed upwards in Fig. 3(a) ) used in this work.
V. SPATIAL ENHANCEMENT OF THE ACOUSTIC FIELD
Sound pressure amplitude, |p|, was recorded along a line path by moving the microphone along the x-axis in the space between two rows of scatterers. The recorded amplitude has been normalized with respect to the amplitude of the incident wave, |p 0 |. As a result, a two-dimensional frequency-space map representing the normalized acoustic field, |p|/|p 0 |, inside the structure is obtained. The map shown in Fig. 4(a) is numerically calculated using FEM in harmonic analysis and Fig. 4(b) shows the normalized map directly obtained from experimental measurements. As an eye guide, we plot also in Figs. 4(a) and 4(b) the evolution of the band gap along the exponential chirped crystal (white continuous lines), obtained using plane wave expansion as described in Section II. It is worth noting here the wave enhancement at positions just before the upper band edge. We notice here that the turning planes at these frequencies appear at the positions x = 50 cm, 60 cm and 64.5 cm, respectively, as numerically and experimentally shown in Figs. 4(a)-4(b). As expected, the upper edge of the local band gaps corresponds to the turning planes at different frequencies in different locations inside the crystal. In order to analyze the sound enhancement and its properties, we analyze the cases of three frequencies, 2450, 2700 and 2900 Hz. Figures 4(c)-4(e) show the axial distributions of the normalized intensity, |I|/|I 0 | = |p| 2 /|p 0 | 2 , obtained experimentally (dots) and theoretically (continuous lines) for these three frequencies respectively. In both cases, small-scale fringes are observed, corresponding to the local Bloch mode, as well as a large-scale oscillations or envelope (dashed line) of the Bloch mode, as it is previously analyzed in Section III. On the other hand, at the same frequencies, the maximal sound enhancement are placed at x = 43.18 cm, 50.48 cm and 57.68 cm respectively as it can be seen in Figs. 4(c)-4(d). Therefore, in correspondence with the results shown in Fig. 2 from our coupled mode theory, the position of the bright plane (corresponding to the sound enhancement) for every case is shifted back with respect to the turning plane. Moreover, the position of the maximal sound enhancement shifts deeper into the bulk of the structure as the frequency is increased, which is a clear sign of the acoustic rainbow effect produced by this kind of structures.
We pay attention now to the maximum value of the wave enhancement. Since the plots are normalized with respect to the incident wave, we can see that at the maximum value of wave enhancement, the intensity is around 60 times higher than that of the incident one. This result improves the previously obtained for a linear chirped crystal, 20 which produces an enhancement of 20. We notice here that for usual reflection between two different homogeneous media or from a purely band-gap material in the range of the band-gap, only an increase of 4 times of the local intensity is possible.
The envelopes shown in Figs. 4(c) -(e) with red dashed lines, connect the experimental and numerical results with those obtained with our model based on coupled mode theory. As we previously described in Fig. 2 this red dashed lines correspond to the envelopes of the Bloch modes and they are not due to conditions imposed at the entrance of the sonic crystal as for example some possible impedance mismatch.
VI. TIME SPREADING
In this part we analyze the effects of chirped lattice constant on the wave propagation evaluated in time domain, i.e. the effects on the character of the time spreading of the pulse reflected from the chirped structure. For that purpose, FEM simulations in time domain were carried out for the three frequencies previously mentioned, 2450, 2700 and 2900 Hz. For the simulations we use a gaussian pulse centered at these frequencies with fixed bandwidth ∆ω = 100 Hz. During the simulations we consider here that the gaussian beam propagates from left to right. Figure 5 shows the time-space scenario for f = 2700 Hz, where the sound pressure amplitude, p, is shown. Figure 5(a) shows the pulse propagating in air and reflecting from a rigid wall placed at the position corresponding to the turning plane of the chirped structure for this specific frequency. As expected, the relation between x and t is a straight line and its slope is given by the sound velocity in air. The amplitude is modulated in x due to the interference between the incident and reflected wave. Figure 5(b) shows the pulse propagating in air from x = [0, 1] m, and along the chirped structure (placed in the range x = [1, 2] m). The effect of soft reflection is clearly observed here. The incident wave is reflected first at the turning plane corresponding for the central frequency, around x = 1.6 m, producing the bright plane just a bit before due to the reduction of the group velocity (as shown in previous Sections). After this first reflection, the pulse travels back out of the structure. In contrast to the rigid wall case, the wave here is reflected back and forth between the entrance and the turning planes of the chirped structure, giving rise to multiple contributions propagating back.
Time for the chirped structure has a longer duration due to the slowing down of the group velocity and it is modulated by the several contributions due to multiple reflections back and forth of the wave inside the chirped crystal. The duration of the whole signal is determined using the criteria that the duration is the time between the instants at which the amplitude is a 5 % of the maximum amplitude of the pulse. This instants are marked in Figs. 5(c) and 5(d) by vertical lines. With this criteria, the time duration of the pulse for the reflection in a rigid wall is 14.5 ms (see Fig. 5(c) ), while the duration of the pulse in the chirped crystal is 40.5 ms (see Fig. 5(d) ). A similar phenomenon of pulse spreading is reported in Ref. 31 , where sound diffusers based on biperiodic sonic crystal structures are presented. Time-space maps for 2450, 2700 and 2900 Hz and time profiles evaluated at x = 0.1 m are represented in Fig. 6 . As it was previously mentioned, several contributions appear in the upper part of every map x-t corresponding to the successive reflections of the wave packet inside the chirped structure. The wave packet, as it propagates inside the structure, is slowed down and reflected in the turning plane, propagating back to the entrance, but also reflected again in the entrance. This process is repeated until the amplitude of the wave is vanished. This modulation effect by reflections is clearly shown in the signals recorded at x = 0.1 m, shown in Figs. 6(b), (d),and (f), where the amplitude is given by the absolute value of the sound pressure, |p|. From the time delay between two different reflections, as we will see immediately, we can obtain information about the slowing down in the crystal. To evaluate this delay between two consecutive reflections from the numerical time domain simulations, time signals are fitted using gaussian functions. 32 Calculating the distance between the two centroid marked in the same Figs. 6(b), (d) and (f), these values are 3.6, 4.9 and 6.2 ms.
This delay is related to the acoustic path of the pulse inside the chirped structure in which the group velocity gradually changes. Following our approach we can calculate the value of the group velocity in every plane of the structure at each frequency using the corresponding band structures (v g = ∂ω/∂k, Fig. 1 ), i.e., we are able to evaluate the group velocity profile inside the structure. Table I shows the group velocity values for the three frequencies evaluated in this Section. Taking into account these values and the position of the turning plane for every frequency, we can calculate the delay between two consecutive reflections of the pulse simply by the following expression
where the integral has been replaced by a sum considering that the velocity is kept constant and equal to the value deduced from the band structures that corresponds to the lattice constant a i for These can be explained considering that the difference in the group velocity between air and the first two planes of the chirped structure, according to the values shown in Table I , is very large. A wave packet travelling into a perfectly periodic structure having the lattice constant of either of the two first planes of the chirped structure, a = 12.5 or a = 11.03 cm, will slow down gradually till the theoretical value of the group velocity is achieved, after travelling through several planes of the structure. Hence, the same wave packet entering the chirped structure will not reach this theoretical value of the group velocity, but slow down slightly before passing the first two planes.
VII. CONCLUSIONS
Sound enhancement in chirped crystals has been revealed as an efficient mechanism for the wave spatial localization depending on its frequency and on the parameters of the structure. The acoustic wave can be selectively enhanced at particular depth of the crystal, producing bright planes for the frequencies around the first gap along the propagation direction. We reveal here that an exponential chirp can present a stronger enhancement than that produced by a linear chirp, showing an enhancement of 60 times in intensity. A simple couple mode theory is proposed, that captures well the observed effects. For testing these ideas an experimental setup was constructed based on chirped sonic crystal in the audible regime. Measurements of the acoustic field inside of the chirped structure were obtained. On the other hand, numerical calculations using FEM in the spatial and time domain have been performed, showing a perfect agreement with the experimental results. The results and insights from our simple analytical model based on coupled modes theory allow us to keep confidence over the approaches adopted, specially the consideration of our structure as locally periodic. In addition, the reflection from chirped structures was also studied in time domain, by numerical simulations, which show a measurable time spreading of the reflected pulse. The latter result is in accordance with our concept of field slowing down and spatial localization at the turning plane of chirped crystal. Generally speaking, the effect of wave enhancement opens new possibilities for increasing the efficiency of detectors and absorbers, both in acoustics and optics, since slow phonons and photons can be absorbed and harvested with a higher probability.
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